Abstract. An interferometric experiment is proposed in order to measure the radiation force exerted by a single photon on a nano mechanical oscillator placed in the middle of a Fabry-Pérot cavity. The force is measured by observing the shift given to the probability density function of the position of the oscillator, using weak measurements and post-selection of photons. We show that this shift is proportional to the weak value of the operator that accounts for the difference of photons between both sides of the cavity. For single-photon states, this operator has eigenvalues 1 or −1, depending on the side of the cavity in which is the photon, but the weak value can exceed by far this range. Thus, by preparing and post-selecting the photon in two nearly orthogonal states the weak value is increased and the radiation effect of a single photon turns out to be much larger than the pressure exerted by a photon without post-selection. This opens the possibility to study weak values of number operators in optomechanics and the radiation effect in pre-and post-selected ensembles.
Introduction
The weak value (WV) of a physical variable, formally introduced in [1] , is a property of a system between two complete measurements. Ensembles of particles that begin in an initial state |a and are later found in a state |b , where |a and |b are two eigenvectors of the observables measured at the initial and final times, are called pre-and post-selected ensembles. This time symmetric formulation of quantum mechanics, in which new information from a second measurement is included, is known as Two-State Vector Formalism (TSVF) [2] and started with the seminal work [3] .
WV's can be measured in pre-and post-selected ensembles using weak measurements [4] , which correspond to standard von Neumann's measurements satisfying certain criteria of weakness. In general, weak values are complex quantities (a physical interpretation for the general case is given in [5] ). Real weak values can exceed the range of eigenvalues of a physical variable and, in this case, are sometimes referred as anomalous [6] , superweak [7] or strange [8] .
This feature has been extensively used for detection of small effects, mostly in optics. In [9] the first measurement of a weak value was performed by coupling the polarization of a laser beam to its transverse momentum in a birefringent crystal, amplifying the separation of the two linear polarization components of the beam after passing through the crystal. Similarly, in [10] the polarization dependent displacement of a laser beam, perpendicular to the gradient of the refractive index of the medium, was enhanced up to four orders of magnitude, allowing to observe the quantum Spin Hall Effect of Light. An imaginary weak value was measured in [11] using a Sagnac interferometer, where the which-path degree of freedom of a photon was coupled to its transverse position through a tilted mirror, allowing to amplify the deflection of a laser beam. Using the same type of coupling, in [12] a small frequency change was measured by using a prism with frequency-dependent refractive index, showing the usefulness of weak value amplification also for precision frequency metrology. Using the spin-orbit coupling between polarization and orbital angular momentum, rotations in the position and angular momentum representations were measured on a He-Ne laser beam by performing measurements of complex weak values [13] . The advantages of weak value amplification for the estimation of small parameters in the presence of different noise models, as compared to conventional measurement methods, are analyzed in [14, 15] .
In all the optical experiments described above the system and the measurement device were the same object, e.g. a photon, and it has been shown that in this case the effects can be explained semiclassically using Maxwell equations [16] . Nevertheless, in [17] for the first time the system and the meter were separate objects, two entangled photons. In this experiment the weak value of a polarization operator, the StokesŜ 1 operator, was measured by entangling the photons using a non deterministic quantum non demolition measurement (QND) scheme [18] .
Weak measurements and WV's have been also employed to propose an alternative method to quantum state tomography. By using single photons obtained by spontaneous parametric down-conversion, sequential weak measurements of the transverse position, followed by post-selection of photons with zero momentum, allowed to perform a direct observation of the transverse wave function, and a new method for constructing the quantum state of a system was described [19] . Other new interesting applications of weak value amplification include gravitational waves detection [20] and quantum control [21] .
On the other hand, weak values and weak measurements have been used to explore fundamental questions in quantum mechanics. The Leggett-Garg inequalities [22] , which appeared more or less at the same time that weak values and test the assumptions of macroscopic realism and non invasive measurements, were generalized for a system undergoing weak measurements in [23, 24] . In [25] (see also [26] ) it is shown that a violation of the generalized Leggett-Garg inequality is equivalent to an observation of a strange weak value. These violations and their correspondence with strange weak values were experimentally measured in solid-state devices [27] , via deterministic coupling of two transmon qubits to a bus resonator, and in optical setups where the polarizations of two photons became entangled through a non deterministic interaction in a controlled sign (CS) gate [28] . In [29] weak measurements of the transverse momentum of photons emitted by an InGaAs quantum dot and sent through a Handbury Brown-Twiss interferometer were used to reconstruct the trajectories of sub ensembles of photons arriving at a particular location, allowing to observe the average trajectories of single photons in a two-slit interferometer. Hence, pre-and post-selected ensembles provide an appealing perspective for studying interference phenomena [30] and wave-particle duality [31] . Another remarkable feature of pre-and post-selected ensembles refers to the possibility of separating a system from one of its properties [32] . In [33] , using weak measurements, neutrons were sent through one path of an interferometer while their magnetic moment "went through the other arm".
Since their formulation in 1988 weak values have overcome different controversies. In [34] Ferrie and Combes argued that weak value amplification could be explained classically. However, it turns out that it is a truly quantum effect [35] . Other controversies consider it usefulness for detection of small parameters, whether WV's constitute a property of a system or not, and its interpretations as contextual values, all of which are summarized in [36] . Extensive reviews on weak values and weak measurements can be found in [37, 38, 39, 40, 41] .
In this paper we are interested in the study of WV's of number operators. In [42] a gedanken experiment involving trajectories of electrons and positrons along MachZehnder type interferometers is described in order to prove Bell's theorem [43] and to show that realistic local quantum theories, that are also Lorentz invariant, lead to paradoxes. In [44] these paradoxes were explored using weak measurements leading to negative weak values of number operators . In [45] these negative occupation numbers were measured using photons. In the "three-box paradox" [46] a particle can be in three separate boxes A, B and C. By using pre-and post-selection one can arrive to the surprising conclusion that, when box A is opened (and none of the others), the particle is found with certainty there, and that the same will occur if box B is opened (and none of the others). Furthermore, the weak value of the number of particles in box C is −1. An experimental realization of the three-box paradox was done in [47] . WV's of number operators also appear in [48] , where the nature of quantum correlations and interactions is studied by showing a quantum violation of the "Pigeonhole principle" and proposing interferometric experiments using atom optics in order to verify these violations.
In [49] an experiment is proposed where a single photon enters an interferometer but the measurement of the photon number in one of the arms turns out to be larger than 1. This is accomplished through a photon-photon interaction in a non linear Kerr-type medium, where the phase shift given to a beam probe is proportional to the weak value of the number of photons in one of the arms of the interferometer. In [50] the amplification of the phase shift caused by a single photon was experimentally verified. The novelty of this research is twofold since it involves deterministic coupling of photons and due to the fact that the measured number of photons is bigger than 1 in a system where only one photon was injected. In [51] new experiments are proposed where the number of atoms may be larger than 1 (or even negative) when only one atom enters the system.
In the present work an experimental proposal is described where the measured number of photons is also larger than 1 when only one photon is introduced into the system, but instead of using photon-photon interaction in a non linear medium, we use the optomechanical interaction between a single photon and a mechanical oscillator placed in the middle a Fabry-Pérot cavity. More precisely, in our experiment the measurement of the difference of photons between both sides of the cavity is larger than one, whereas for pre-selected ensembles this value lies between −1 and 1 (when only one photon enters the cavity). The difference of photons, which is proportional to the radiation force, is measured by observing the effect on the position of the mechanical oscillator, whose mean value is shifted after the measurement.
Optomechanical systems have been proposed to prepare non classical optical and mechanical states [52] and to study the decoherence process of macroscopic objects [53, 54, 55, 56] . Although weak measurements in pre-and post-selected ensembles have been studied to amplify the radiation pressure exerted by a single photon [57, 58, 59] , no weak values arising from the optomechanical interaction have been reported to the date. Therefore, in the present paper we describe for the first time an experiment where the weak value of a photon number operator can be measured in this type of interaction. This allows to explain the amplification of the radiation pressure in the sense of [1] , i.e. due to the fact that the weak value of a number operator can exceed the range of eigenvalues. Therefore we will conclude that the radiation effect of a pre-and post-selected photon can be much larger than the one produced by an only pre-selected photon. More surprisingly, we will arrive to the conclusion that a properly pre-and post-selected photon can exert a force directed inwards over the walls of the recipient that contains it.
The structure of this article is as follows. In section 2 we review the concepts of weak values and weak measurements. In section 3 we present a simple description of how the radiation force of a single photon can be very large (or directed inwards) when post-selection is included, while section 4 presents an experiment where these effects can be tested. In section 5 we explain the hamiltonian model, the Hilbert space of states is described and the time evolution operator is calculated. In section 6 the unitary evolution of the system is performed. Section 7 analyses the case when no post-selection of photons is done. In section 8 post-selection is included and the appearance of weak values of number operators is shown. In section 9 we discuss the amplification effect, summarize our conclusions and further research lines are briefly commented.
Weak measurements and weak values
According to [60] the measurement process of a physical variableÂ of a system can be described by a hamiltonian of the form
whereĤ 0 is the unperturbed hamiltonian of the system and the apparatus, while the second term describes the interaction that occurs between them during the measurement. The coupling g(t) is a function that is switched on during the interaction and then turned off, whilep is a physical variable of the measurement device whose conjugate variable isq.
The system has initially no correlation with the apparatus and consequently the initial state is described by the product |Φ(0) = |ψ i |ψ i m , where |ψ i is the initial state of the system and |ψ i m is the initial state of the apparatus or meter. Notice that a state |ψ i can be assigned to the system because it has been experimentally prepared in a specific way, e.g. passing a light beam through a polarizer or atoms through a SternGerlach apparatus. This means that there is some information available about the system, revealed because a measurement has been performed prior to the experiment. The state |ψ i can be described in the orthonormal basis given by the eigenstates of A as |ψ i = k c k |a k where |a k is one of the discrete eigenvectors of the measured variable with eigenvalue a k . Typically, the initial state of the apparatus is described by a Gaussian state according to
where σ 2 q is the dispersion of the variableq. Since the initial state of the measuring device saturates the uncertainty principle the dispersion of the conjugate variablep is σ
When the interaction term commutes withĤ 0 , in the interaction picture, the time evolution operator isÛ = exp (−i g Âp ), where g is just the integration of g(t) over its compact support. When the unperturbed hamiltonian does not commute with the interaction term, then the evolution given byĤ 0 has to be taken into account. In our setup this will be the case but for this introduction it will be assumed, for simplicity, that both terms commute.
After the interaction, the system and the measuring device get correlated according to
where
The probability density function of the position of the meter, f (q), is obtained according to quantum mechanics, namely,
which corresponds to a Gaussian mixture. When the apparatus has a sufficiently narrow wave packet in the q-representation to resolve the different eigenvalues, i.e. when the spread σ q is much smaller than the difference between all the a i 's (multiplied by g), each Gaussian is sharply localized around ga i and the overlap among them is negligible. Consequently, the eigenvalue a i (multiplied by g) will be read with probability |c i | 2 . Each time the eigenvalue a k is obtained, i.e. the apparatus is observed to be around the position ga k , according to quantum mechanics, the system and the measuring device will be left in the unnormalized state
and the normalized state of the system after the observation is |a k . Therefore, under this model, the following two processes produce the same results: a) the observation of a system, excluding the measuring device, and b) the unitary evolution of a composite system, in which the measuring device has been included, followed by an observation of the measuring device. This is the central idea of the model proposed by von Neumann and it is important for not violating the so-called principle of the psycho-physical parallelism [61] .
It is interesting to study the opposite limit, when gD max /σ q 1, where D max represents the maximum distance between consecutive eigenvalues. This regime is achievable by choosing the parameter g/σ q to be sufficiently small, e.g. g/σ q 1. In this case, the time evolution operator may be expanded asÛ ≈ 1−i(g/ )Âp to a good approximation. Using the result from Appendix J, the state of the system and the apparatus can be written as
is any state of the system orthogonal to |ψ i , and all the expectation values are calculated in the state |ψ i . In this scenario the probability of disturbing the system after the measurement is given by
and therefore, for g/σ q small enough, it is clear that P dist = 0. Surprisingly, the probability density function for the meter becomes
meaning that in this regime, although the state of the system remains unchanged (P dist is negligible at first order), the measurement still provides some information since Â can be computed. In other words, information goes linearly in g/σ q , while perturbations behave quadratically in this parameter. This method, in which g/σ q is weakened, constitutes a type of weak measurement. Each reading of the meter will be normally distributed around Â with large dispersion since g Â σ q , and the outcome of the measurement is the average of all the readings, i.e. Â . This type of weak measurement is called statistical method without disturbance [30] . It is important to point out that there are also other types of weak measurements [62] .
Trivially, it is possible to post-select only readings with large values of q since the Gaussian distribution (8) has no vanishing tails and to change the outcome of the measurement. Nevertheless, supposing that post-selection is allowed to be performed only on the system and not on the apparatus, in [1] the following question was answered: how then can we maximize the outcome of the average of q? Assuming that the state |ψ f is post-selected, with ψ i |ψ f = 0 (see [63, 64] for the case of orthogonal post-selection), then the unnormalized state of the apparatus may be expressed as
The conditions under which the approximations above hold are analyzed in [65] and in Appendix I. The complex number A w is defined as
and it is called the weak value of the operatorÂ. Sometimes it is also expressed as Â w . When the weak value is real the operator exp [−i(g/ )A wp ] produces a translation of the wave function in the q-representation by an amount of gA w and hence the normalized state of the apparatus after the measurement is
The wave function of the meter has not changed its Gaussian shape but only translated. This is important since we do not want the probability density function of the meter to change after a measurement (in that case the process would resemble more to an interaction than to a measurement), but only to shift it by a quantity that may be understood as an element of physical reality of the system under observation [66] . The shift of the position grows as the initial and final states come close to orthogonality and can exceed the range of eigenvalues ofÂ. However, pre-and post-selected ensembles constructed upon two nearly orthogonal states are difficult to obtain since the probability of post-selecting the state |ψ f is given by | ψ f |ψ i | 2 and approaches to zero as the states become orthogonal. The weak value depends therefore on two kinds of information. The first is obtained by a measurement performed in order to prepare the system for the experiment and allows to assign an initial quantum state |ψ i . The second corresponds to new information coming from post-selection, i.e. from a second measurement carried out after the experiment that permits to assign a final state |ψ f .
Amplification of the radiation force
Let us consider a single photon that can be in two boxes, A and B, which are separated by a wall that does not permit any interaction between both sides but is allowed to move due to the forceF exerted by the photon. The way in which we measure the force is by making the photon weakly interact with the wall, in the sense explained in the last section. Then, we observe the position of the moving wall and repeat the same experiment many times, recording the position of the wall each time. Finally, we average all the results. As we have explained in the last section, when there is no post-selection the average position of the wall is proportional to F , but is proportional to F w when post-selection is performed.
Letâ
†â andb †b be the number operators that correspond to the number of photons in the boxes A and B, respectively, and let us define the single-photon states bŷ a †â |1, 0 = |1, 0 andb †b |0, 1 = |0, 1 . Photons in box A exert a force to the right over the moving wall equal toF A = Gâ †â and photons in the other box exert a forceF B = Gb †b , to the left. Consequently, the total force over the moving wall iŝ
This situation is represented in figure 1 . The parameter G is proportional to the frequency ω 0 of the photon and inversely proportional to the length l of each box. The operatorN =â †â +b †b corresponds to the total number of photons and notice that GN =F A +F B .
Let us assume firstly that a single photon is prepared in the state |ψ i = cos(θ i /2) |1, 0 + sin(θ i /2) |0, 1 , which is a superposition of being in the box A or in the box B. In this case the measurement (the average displacement of the wall) will be proportional to
which is bounded by ± G. Since N = 1, then
Therefore, we can conclude that F A = G cos 2 (θ i /2) and
. It is clear then that the forces are positive and bounded, e.g. if
and F B = G/4. Photons in box A will exert an average force of 3 G/4 to the right and photons in the left side will exert a force of G/4 to the left, while the total average force will be F = G/2. This case is illustrated in figure 2 . Figure 2 . The displacement of the wall is proportional to the mean value of the force, which is bounded by ± G.
Let us imagine now a different situation in which the photon is post-selected in the state
In this case, we will see an average displacement of the moving wall proportional to the weak value of the force, namely,
which is always greater or equal than G (or lesser or equal than − G).
We can see that the forces F A w and F B w are unbounded and may be negative, i.e. a pre-and post-selected photon can exert a force directed inwards over the walls of the box that contains it. As an example, if θ i = π/2 and θ f = π/3 then
e. the total force is ≈ 3.4 G. Figure 3 represents this case.
Hence, we will see a four times bigger displacement than the maximum value we could have achieved without post-selection. More interesting, photons in box A will exert a force of 2.4 G to the right while photons in box B will exert a force 1.4 G also to the right. Consequently, photons in box B behave as if they could push the moving wall to the right. The experiment proposed in this article is a measurement of the weak value ofF , i.e. of the difference of photons in a two-sided container. 
General description of the experiment
The proposed setup consists of an optomechanical system joining two arms of a Michelson interferometer (figure 4). The optomechanical system is a cavity with a moving mirror in the middle.
One single photon, with horizontal polarization, is injected into the system through the input port CD. After being reflected by a polarizing beam splitter (PBS), with 100% reflectivity for horizontal polarization and 100% transmissivity for the vertical component, the photon enters the interferometer through a polarization dependent beam splitter (PDBS). The photon travels then along the arms of the interferometer, enters the cavity, interacts with the mechanical oscillator and returns back to the PDBS in an entangled state with the vibrating mirror. The photon comes back with vertical polarization due to the action of the λ/4 plates mounted on each arm of the interferometer.
After exiting, the photon can be detected at D 1 or D 2 , which disentangles the photon from the mirror. D 1 is called the dark port since, when the PDBS is symmetric for both polarization components, no light arrives at this point. Only the cases when detector D 1 clicks should de considered, disregarding the other cases. This corresponds to the postselection of photons. By collecting data of the position of the mirror, only for the cases of successful post-selection, the average position of the oscillator can be calculated. It will be shown that in this setup the mean position of the vibrating mirror is proportional to the weak value of the difference of photons between both arms of the interferometer. 
Optomechanical model
In this section we present a hamiltonian model for the physical process that occurs in the branch KN . We assume that this process has relativistic space-like separation with respect to the processes occurring in the PDBS and in all other parts of the setup.
The optomechanical system consist of a high finesse Fabry-Pérot cavity with a nano mechanical oscillator in the middle. Nano mechanical devices have masses in the order of 10 −12 kg, contain about 10 7 atoms and have mode frequencies around 10 6 Hz [67] . The oscillator is considered to be a perfectly reflecting vibrating mirror, while the mirrors of the cavity have losses, allowing interaction with the external field. In this model, the cavity field has two modes (one mode for each side), while the external field is considered to be a four-mode field, with one mode describing propagation towards the cavity and another one describing propagation away from it, for each arm of the interferometer. This is naturally an approximation for describing a nearly monochromatic photon. In practise, the external field comprises a continuous range of modes over a narrow interval of frequencies [ω 0 − ∆ω ph /2, ω 0 + ∆ω ph /2], such that ∆ω ph γ C , where ∆ω ph is the bandwidth of the photon and γ C is the cavity field decay rate associated with the interfaces between the external field and the optical resonator, i.e. not considering the internal losses of the cavity. Notice that the range of frequencies is centered around the cavity resonance frequency, i.e. the external field is resonant with the cavity as it is shown in figure 5 . Figure 5 . A two-sided cavity with a mechanical oscillator in the middle. The oscillator is considered to be a perfectly reflecting moving mirror, while the mirrors of the cavity have losses. This allows photon exchange to occur between the fields. The external field is a four-mode field, while the cavity field has two modes. The external field is resonant with the cavity.
Hamiltonian model
The hamiltonian for the system can be written as a sum of different contributions, namely,Ĥ
The first term is the energy of the electromagnetic field inside the cavity and is given byĤ
The
2 ) are boson annihilation (creation) operators for the cavity modes of the left and right sides, respectively. Since the mirror is put exactly in the middle, both modes have the same resonant frequency ω 0 = cπn 0 /l, where c is the speed of light, l is the length of each side of the cavity and n 0 is the integer mode number.
The second term is the energy of the electromagnetic field in the arms of the interferometer and is expressed aŝ
) are annihilation (creation) operators for travelling modes, with wavenumber k 0 = ω 0 /c, propagating towards the cavity through the
) are annihilation (creation) operators for modes with wavenumber k 0 propagating away from the cavity in the left and right arms, respectively. These operators satisfy the usual boson commutation relations, i.e.
= 0, for i = 1, 2 and j = 1, 2. Analogous commutation relations are satisfied by operators associated to modes propagating away from the cavity. It is also clear that
The third term is the energy of the mechanical oscillator and is given by ω mĉ †ĉ , wherê c (ĉ † ) is the mechanical annihilation (creation) boson operator and ω m is the mode frequency of the oscillator.
The fourth term represents the interaction energy between the cavity field and the external field, and is given bŷ
Where g is the photon-hopping interaction strength between the cavity and the external field at the resonant frequency, which accounts for transmission losses through the input mirrors. Over the narrow bandwidth of the external field, this coupling is assumed to be constant. We are also assuming that this bandwidth is shorter than the cavity free spectral range, i.e. ∆ω ph ≤ ω F SR , and therefore only one mode is excited in each side of the cavity.
The last term represents the optomechanical interaction, through radiation pressure, between the cavity and the mechanical oscillator, and is given bŷ
where κ = x 0 G is the optomechanical single-photon coupling strength, G = ω 0 /l is the frequency shift per displacement that characterizes the cavity (frequency pull parameter), x 0 = /2M ω m is the mechanical zero-point fluctuation and M is the mass of the oscillator (see [68] for a derivation of the optomechanical hamiltonian and [69] for a review on cavity optomechanics). A minus sign appears between the number operators because the movement of the mirror in one direction shortens the effective length of one side of the cavity while enlarges the other. The radiation force is given byF rad = G(â † 1â 1 −â † 2â 2 ) [70] and consequently this term can be expressed as −F radq , whereq is the position of the oscillator.
Firstly, let us define for each arm of the interferometer, i.e. for i = 1, 2, the following operators:
Strange weak values of photon number operators in the optomechanical interaction 15 Going to an interaction picture I with respect toĤ cav +Ĥ ext the hamiltonian becomeŝ
Notice that the cavity couples only to even modes with a coupling constant strengthened by a factor of √ 2. For simplicity, this factor will be absorbed into g. Next, for each arm of the interferometer, the following operators are defined:
Each set of operators generates the SU (2) algebra and acts separately on each side of the system. Operators acting jointly on both sides are defined asĴ x =Ĵ x1 +Ĵ x2 , J y =Ĵ y1 +Ĵ y2 andĴ z =Ĵ z1 +Ĵ z2 . They are the generators of the SU (2) algebra on the tensor product space spanned by the number states of the cavity modes and even modes of both sides.
The number of interacting photons in the left side is defined asN 1 =â † 1â 1 +d † 1d 1 and the number of interacting photons in the right side isN 2 =â † 2â 2 +d † 2d 2 . The term "interacting" is used since odd modes operators do not appear in the interaction terms and therefore eigenstates ofê † iê i evolve freely. The difference of interacting photons between both sides will be denoted by ∆N =N 1 −N 2 . With all these notations, hamiltonian (21) can be expressed aŝ
Recall that the first term isĤ cav−ext , the second corresponds toĤ m while the third iŝ H OM . Notice that the optomechanical interaction can be further split into two terms, i.e.Ĥ OM =Ĥ OM1 +Ĥ OM2 , whereĤ OM1 = − κ 2 ∆N (ĉ † +ĉ) andĤ OM2 = −κĴ z (ĉ † +ĉ). In order to see the time dependence of the second process we go to a rotating frame II with respect toĤ cav−ext +Ĥ m +Ĥ OM1 . In this picture the time-ordered expansion of the time evolution operator can be terminated at zero order, i.e. the evolution operator in this frame is just the identity and accordingly the evolution given byĤ OM 2 may be disregarded fromĤ I , when the condition
is fulfilled (see Appendix A). Therefore, the hamiltonian becomeŝ
Notice that in this regime the oscillator does not couple to the difference of intensities inside the cavity but to the difference of photons between both sides of the system, i.e. including the arms of the interferometer. Mathematically, the "original" radiation forcê
. When the optomechanical strength κ is much smaller than the hopping strength g, the energy flow from and into the cavity occurs at a rate g, as if no moving mirror was inside the cavity. For the mirror, whose characteristic time scale is given by ω m , this energy exchange occurs very fast when ω m g. Therefore, it only "sees" a time-averaged intensity inside the cavity. This average corresponds to (â † iâ i +d † id i )/2 for the side i = 1, 2. See Appendix B for a discussion of this regime in the Heisenberg picture. Condition (24) defines the range of parameters for which the process of entrance and output of photons into and from the cavity can be uncoupled from the interaction of the photon inside the cavity with the oscillator, i.e. [Ĥ cav−ext ,Ĥ m +Ĥ OM1 ] = 0.
Space of states
The Hilbert space of the entire system is a tensor product space H = H EM ⊗ H m , where H EM is the Hilbert space of the electromagnetic field and H m is the mechanical space of states. As in section 2, state vectors in H m are denoted by |ψ m .
The Hilbert space of the electromagnetic field, in turn, is a tensor product space H EM = H ext ⊗ H cav , where H ext is the space of states of the external field and H cav the Hilbert space for the cavity. The electromagnetic field inside the cavity is a twomode field. The single-photon states are defined aŝ
and the two-mode vacuum state of the cavity will be denoted by |0, 0 cav .
The external field is a four-mode field. Regarding the field inside the intereferometer two sets of mode operators have been defined. One set is given byd 1 ,d 2 ,ê 1 ,ê 2 and their hermitian conjugate operators. The corresponding number operators allow to define single-photon states aŝ
This set of eigenvectors defines a basis for expressing single-photon states of the external field that will be called standing wave basis. The subscript S will be used to label these four-mode number states.
The other set is given by theb 1,k 0 ,b 2,k 0 ,b 1,−k 0 ,b 2,−k 0 and their hermitian conjugate operators. Single-photon states can also be expressed as solutions to the following eigenvalue equations:
These eigenvectors define another basis for expressing single-photon states of the external field, which will be called travelling wave basis and the subscript T will be employed. Conversion between vectors of each basis can easily be done using (20) and some examples are given in Appendix C.
On the other hand, regarding the electromagnetic field outside the interferometer, let us define the operatorsĵ 1,k 0 andĵ † 1,k 0 as annihilation and creation operators for travelling modes propagating into the interferometer through the paths AB and EF . Similarly, the travelling mode operatorsĵ 1,−k 0 andĵ † 1,−k 0 will describe propagation away from the interferometer along the arms AB and EF . For the U V branch the operators are defined equivalently, withĵ 2,k 0 andĵ † 2,k 0 describing propagation into the interferometer and the operatorsĵ 2,−k 0 andĵ † 2,−k 0 describing propagation away from it. The eigenvalue equations that define the single-photon states outside the interferometer are:
The operators for the field outside the interferometer are related to the operators inside the interferometer through a unitary transformation that ensures that they satisfy boson commutation relations. This unitary transformation is given by the beam splitter and, since conserves the total number of photons, allows transformation between photon states outside and inside the interferometer. The beam splitter transformation is described in Appendix D.
The four-mode vacuum state inside the interferometer will be denoted by |0, 0, 0, 0 S = |0, 0, 0, 0 T in the standing and travelling wave representations, respectively. The vacuum state outside the interferometer will be denoted by |0, 0, 0, 0
As an important remark, it should be pointed out that all modes propagating into the interferometer along the paths EF and U V or into the cavity along GH and ST have horizontal polarization, while modes coming back through these branches are vertically polarized. The polarization changes as they pass the λ/4 plates. Nevertheless, the polarization degree of freedom will not be put explicitly in the states but commented whenever is necessary.
Time evolution operator
The exponential operator for the time evolution can be easily disentangled since ∆N is invariant under rotations, i.e. [∆N ,
The first term corresponds to the evolution given byĤ m +Ĥ OM 1 while the second represents the evolution produced byĤ cav−ext . After working out the first term (see Appendix E), the evolution operator becomeŝ
whereκ(t) =κ sin(ω m t/2),κ = κ/ω m is a scaled coupling parameter and α(t) = (π − ω m t)/2. Notice thatκ(t) oscillates between 0 andκ with frequency ω m /2 and the phase factor rotates at the same frequency.
The first term in (31) entangles the photon to the vibrating mirror and will be denoted byÛ OM (t). The second operator describes the photon exchange process between the external even modes and the cavity modes and will be calledÛ ex (t). The third term is just the free evolution of the mechanical oscillator, and will be denoted byÛ m (t). Therefore, the time evolution operator can be compactly expressed asÛ I (t) =Û OM (t)Û ex (t)Û m (t), whereÛ OM (t) acts over H,Û ex (t) over H EM andÛ m (t) over H m .
Notice that the termÛ ex (t) = exp [−i(2gt/ )Ĵ x ] will produce Rabi oscillations between the cavity and the external field with frequency 2g, i.e. the photon will be emitted and absorbed by the cavity in a cycle that will repeat indefinitely. This occurs because we have treated the whole system as a closed system, which has no stationary state. In order to make the system an open system, the damping should be taken into account, which appears when the external field is a continuum (or a discrete set of infinite modes). The way for dealing with this issue will be to simply "stop" the interaction at time t = T , where T = 2π/∆ω ph and ∆ω ph is the narrow, but not zero, bandwidth of the photon.
Unitary evolution
The process starts with one photon in a travelling mode at the input port. The photon has horizontal polarization and is completely reflected by the polarizing beam splitter (PBS) into the arm EF . Hence, the state of the external field is given by |1, 0, 0, 0
The photon enters the interferometer through a polarizing dependent beam splitter (PDBS). Using the beam splitter transformation (D.5) the field in the arms GH and T S is in a path-entangled state described by −cos(θ i /2) |1, 0, 0, 0 T +sin(θ i /2) |0, 1, 0, 0 T . After the quarter wave plates the field changes its polarization state from horizontal to circular. Then, the field in the arm 2 is reflected twice in M 3 and M 2, while the field in the other arm is reflected once in M 1. Therefore, the state in the arms KL and M N is given by cos(θ i /2) |1, 0, 0, 0 T + sin(θ i /2) |0, 1, 0, 0 T . The cavity is initially empty and begins in the vacuum state |0, 0 cav . Therefore, the initial state of the electromagnetic field is given by cos(θ i /2) |1, 0, 0, 0 T |0, 0 cav + sin(θ i /2) |0, 1, 0, 0 T |0, 0 cav . It is convenient to express this initial state using the standing wave basis for the external field. Hence,
In this way the initial optical state is expressed as a linear combination of eigenstates of ∆N . In fact, the state |1, 0, 0, 0 S |0, 0 cav has eigenvalue +1 (one interacting photon in the left side), the state |0, 1, 0, 0 S |0, 0 cav is an eigenstate with eigenvalue −1 (one interacting photon in the right side), while the states |0, 0, 1, 0 S |0, 0 cav and |0, 0, 0, 1 S |0, 0 cav have both eigenvalue 0 (no interacting photons).
On the other hand, the oscillator starts in the squeezed vacuum state |ξ m =Ŝ(ξ) |0 m , whereŜ(ξ) = exp(
) is the squeeze operator, ξ = r exp(iθ S ) is the squeeze parameter and |0 m is the mechanical vacuum state. Therefore, |ψ(0) m = |ξ m . Consequently, the initial state of the optomechanical system is given by
The state of the system after a time t is obtained by applying the time evolution operator over the initial state and is given by
The details of this calculation are included in Appendix F. The mechanical states of the form |α, β m denote a coherent squeezed state, i.e. |α, β m =D(α)Ŝ(β) |0 m , whereD(α) is a Glauber displacement operator andŜ(β) a squeeze operator. Also, ξ = e −2iωmt ξ.
Let us analyze the interaction at time T . At this time we want the photon to be outside the cavity and, consequently, T = N π/g, where N is a large odd integer number. Notice that this entails ∆ω ph ∝ g/N . In a realistic situation (an open system) this condition would mean that the time duration of the photon has to be equal or larger than the cavity storage time 1/γ C . The state of the system at time T is described by
Recall that the initial state was a linear combination of states of the form |λ |ξ m , where |λ is one the eigenstates of ∆N . The unitary evolution given byÛ I (T ) transformed the states |λ |ξ m into states of the form |λ |f (λ) m , i.e. the final mechanical states act as markers for the eigenvalues of ∆N . From this perspective, the optomechanical interaction can be understood as a measurement of ∆N , although it does not have the impulsive character of a standard measurement.
Ifκ(T ) = 0, which occurs if T is an exact multiple of the vibrational period, then |±κ(T )e iα(T ) , ξ m = |ξ m and state (35) becomes a product described by −[cos(θ i /2) |0, 0, 1, 0 T + sin(θ i /2) |0, 0, 0, 1 T ] |0, 0 cav |ξ m , where we have switched to the travelling wave representation. In this case, there is no entanglement between the oscillator and the photon. Let us assume now the opposite situation, i.e. thatκ(T ) achieves its maximum value. This occurs when
where T m = 2π/ω m is the vibrational period of the oscillator and n is an integer number.
Since ω m g this condition implies that N is a large number and, hence, ∆ω ph g, i.e. the duration of the photon should be much larger than the cavity storage time. Under this condition,κ(T ) exp[iα(T )] = 1, ξ = ξ and the state (35) becomes
The wave functions in the position representation of the mechanical states |±κ, ξ m and |ξ m (see Appendix G) are Gaussians centered on ±2x 0κ and zero, respectively. The position along each peak is normally distributed with standard deviation σ q . The Gaussians wave functions do not overlap when their mean values are much greater than the standard deviation. If θ S = π, then σ q = x 0 e r †. Therefore, whenκ e r there is a negligible overlap between the wave functions and the states |±κ, ξ m and |ξ m become † For the general case σ orthogonal. This situation resembles a standard von Neumann's measurement. In this case, when the position of the mechanical oscillator is observed, the photon is projected into one of the eigenstates of ∆N , e.g. if the position of the oscillator is observed to be near 2x 0κ then the photon is projected into the state |1, 0, 0, 0 S |0, 0 cav . Nevertheless, condition (24) demandsκ 1 and consequently we are outside the regime of a strong measurement ‡. In our regime we obtain rather a weak measurement, a situation where the wave functions are almost completely overlapped, since the following condition is satisfied
By using the travelling wave representation, state (37) can be expressed according to
Under the weak measurement condition (38) the approximations |ξ m − |±κ, ξ m ≈ 0 and |ξ m + |±κ, ξ m ≈ 2 |±κ/2, ξ m may be performed (Appendix H) and the final state becomes
disregarding a global phase factor. In this state the photon is "weakly" entangled to the oscillator.
Weak measurement without post-selection
In this section the mechanical oscillator is observed without post-selection, i.e. without using the detectors. In this case there is only information about the initial state of the photon, i.e. about how does it travels to the cavity, but ignorance regarding the final state. The expectation value of the position of the oscillator in the state (40) is given by
where ∆N is the expectation value of the operator ∆N in the state |ψ(0) . Sincê F rad = G∆N /2, expression (41) can be equivalently expressed in terms of the radiation force as
The mean position of the oscillator is therefore proportional to the mean value of ∆N . This is what we expected since in a weak measurement without post-selection the ‡ If θ S were chosen to be 0, then σ q = x 0 e −r and a strong measurement could be achieved by choosing a sufficiently large value for r. Nevertheless, in our case θ S = π in order to further weaken the measurement as r is increased.
probability distribution of the meter is simply shifted by an amount proportional to the expectation value of the variable being measured, according to expression (8) from section 2. The expectation value of ∆N is bounded between ±1/2 because the initial state contains one photon in a non interacting mode. Otherwise, it would lie between ±1. Therefore, in this system the mean position can have a maximum shift of x 0κ , which occurs every time we know through which arm the photon has travelled (particle behaviour). Notice that, if θ i = π/2, then the photon enters the interferometer in an equal superposition in both arms and exerts no net force over the mirror. In this case, there is no change in the mean position of the oscillator.
Weak measurement with post-selection
In this situation the mechanical oscillator is observed after post-selecting the photon in a specific state, which is done using the detectors. In this case, there is knowledge about the initial state of the photon and also about the final state, i.e. how does the photon return to the beam splitter. In this section we firstly show which are the postselection states and obtain the probabilities of detecting a photon at D 1 and D 2 . Then, it is shown that, for post-selected ensembles obtained by successful detection at D 1 , the shift of the probability distribution of the position of the oscillator is proportional to the weak value of ∆N .
Post-selection state and probability of detection
The field in state (40) has circular polarization since the photon is in the branches KL or M N .
Next, the photon propagates back to the beam splitter and then into the detectors. The state in the branches GH and ST is given by cos(θ i /2) |0, 0, 1, 0 T |0, 0 cav |κ/2, ξ m − sin(θ i /2) |0, 0, 0, 1 T |0, 0 cav |−κ/2, ξ m and due to the quarter wave plates the photon has acquired vertical polarization. Using the beam splitter transformation (D.6), the state of the system after the photon has exit the interferometer, i.e in the branches EF and U V , is given by
The field in the path EF is directly transmitted into AB since it is vertically polarized. From this expression it is clear that, when detector D 1 clicks, the oscillator is left in the (unnormalized) conditional state cos(θ i /2) cos(θ f /2) |κ/2, ξ m − sin(θ i /2) sin(θ f /2) |−κ/2, ξ m . Analogously, when detector D 2 clicks the vibrating mirror is left in the (unnormalized) conditional state cos(θ i /2) sin(θ f /2) |κ/2, ξ m + sin(θ i /2) cos(θ f /2) |−κ/2, ξ m . Therefore, detecting a photon at D 1 is equivalent to project state (40) into the state
while detecting a photon at D 2 is equivalent to project into (45) i.e. both detectors are orthogonal. Consequently, the probability of detecting a photon at D 1 is given by
Notice that the inner products m −κ/2, ξ|κ, ξ m and m κ/2, −ξ|κ, ξ m are both equal to one due to the weak measurement condition (38) . For the general case
2 ) ≈ 1. On the other hand, the probability of detecting a photon at
Weak value of ∆N
At this point, it is useful to define the states
where the superscript d or e indicates which type of modes contains photons. This notation allows to express the initial state |ψ(0) as
The state of the system after a time t is given by
For time T = N π/g, which is an odd multiple of T m /2 by condition (36),Û m (T ) |ψ i m = |ψ i m = |ξ m . Also,Û ex (T ) = exp (− i 2πĴ x ), which corresponds to a rotation of 2π. Its action over |ψ
. Therefore, state (49) can be written as
disregarding a global phase factor of −1. Consequently, the action ofÛ ex (T ) transforms the initial state |ψ(0) into (|ψ
Regarding the optomechanical term U OM (T ), this state can be accounted as an "initial state" because this part of the evolution is due to the interaction with the external field and not to the optomechanical coupling. Therefore, we define
and |Φ(T ) =Û OM (T ) |ψ i |ξ . Notice that |ψ i has exactly the same form as |ψ(0) but the photon is "now" propagating away from the cavity. The normalized state of the oscillator after the photon is detected at the dark port, i.e. after projecting state |Φ(T ) into state (44) , is given by
Under condition (38) the operatorÛ OM (T ) can be expanded up to first order to a good approximation, as follows
Notice that
The weak value of ∆N is defined as
and the state of the mirror becomes
Moreover, when a new (and stronger) condition is imposed, namely,
then the exponential operator can be recovered (see Appendix I) and
i.e. the mechanical squeezed vacuum is displaced byκ ∆N w . The expectation value of the position of the oscillator in this state is q = 2x 0κ ∆N w = x 0κ
As a first observation let us indicate that for pre-selected ensembles we have found that q = 2x 0κ ∆N (41), while for pre-and post-selected ensembles q = 2x 0κ ∆N w . Contrary to the standard expectation value ∆N , which is bounded by ±1/2, the weak value ∆N w is unbounded. As the initial and final states become orthogonal, the weak value gets larger and the shift of the meter is increased. Therefore, the radiation pressure effect of a single photon is amplified when post-selection is employed. In other words, the position of the apparatus (the mechanical oscillator) is shifted as if many photons were inside the cavity when no post-selection is performed.
In figure 6 the amplification of the shift caused by one photon is shown for different postselection states. For the black curve, the probability density function of the oscillator is shifted as if 3 photons were inside the cavity, while the for the blue dotted curve the shift is equivalent to the displacement caused by nearly 60 photons. Notice that, as the shift gets larger, the density function begins to deform since condition (56) starts to break down. When the oscillator begins in a state with larger uncertainty in momentum, bigger displacements can be achieved without deforming the density function (see dotted curves, for which squeezing was added). Nevertheless, the weak value can be increased at the cost of decreasing the detection probability as it is illustrated in table 1 and figure 7. Secondly, notice that every time the trajectory is known with certainty, which occurs when θ i = 0, π, or θ f = 0, π, then the weak value equals the mean value, i.e. ∆N w = ∆N = ±1/2. Nevertheless, when the trajectory is completely unknown, which happens when θ i = θ f = π/2, then the mean value ∆N is zero while the weak value ∆N w diverges to ±∞. In general, when |ψ f and |ψ i are orthogonal states, the weak value diverges. This occurs when θ f = π − θ i for θ i = 0 ∧ θ i = π as it is shown in figure 8 . 
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16. Figure 7 . The weak value ∆N w (blue line) and the probability of detection P 1 (red line) are plotted as a function of the final state (θ f ), for a fixed initial state θ i = π/2.
As a third remark, it is worth to mention that, in order for the shift to reach the level of the zero-point fluctuations, then ∆N w = 1/(2κ). Forκ = 5 · 10 −3 the weak value should be equal to 100, which occurs with a very small probability 1% (of the order of 1 success over 10 5 trials). Whenκ = 5 · 10 −2 then ∆N w should be equal to 10 which happens with probability ≈ 0.25% (2 or 3 successes over 10 3 trials). Disregarding these small probabilities, asκ ∆N w approaches to 1/2, condition (56) can be only satisfied by adding squeezing, i.e. choosing r = 0, as it is shown in figure 9.
Discussion
In this section we discuss the fact that in this experiment the weak value of ∆N is anomalous, i.e. it is always greater or equal than the standard expectation value ∆N . For that purpose, we analyse the conditional quantum state of the oscillator for post- selected photons at D 1 . Consequently, let us consider the normalized mechanical state (40) when it is projected into the post-selection state (44), namely,
that consists of a superposition of two non-orthogonal coherent squeezed states. For simplicity, it is convenient to name the terms that depend on the parameters of the beam splitter, defining
When we ignore the path followed by the photon, then A and B are not zero. Also, notice that A and B have different signs (A > 0 and B < 0). In the position representation the wave function of the oscillator is
where ψ ± (q) are Gaussian functions given by
i.e. each Gaussian is just a translation of the original wave function. In terms of its Fourier transform, the wave function can be expressed as
where ψ i (p) is the initial wave function of the meter in momentum representation, and
Notice that |A + B| = 1. Without lost of generality, let us assume that A + B = 1. Notice also that A − B = 2 ∆N w . Therefore,
From here we see that, when the weak value is anomalous, the Fourier coefficients A and B have different signs. Notice also that this function has wavelength λ = 2π/(κx 0 ), but if we look close to the origin, we find out that
Since the weak value is anomalous the quadratic terms cancel out and
i.e. the function has a much shorter wavelength over a region in momentum space such that p/ < 1/(2x 0κ ∆N w ). Therefore, S(p) is a superoscillatory function [81] . The superoscillatory behaviour of S(p) appears in the wave function of the meter when σ p / < 1/(2x 0κ ∆N w ), or, equivalently, when 2x 0κ ∆N w < σ q , which corresponds to condition (56) . This behaviour produces a "super" shift in the position representation, namely,
. (69) Consequently, as a result of the weak measurement, the meter is left in a coherent superposition of two non-orthogonal states, which has superoscillatory behaviour in momentum space when the weak value is anomalous and the uncertainty in the position is large enough. The appearance of superoscillations in weak measurements of a spin-like operator is described in [72] . This effect is also at the root of quantum random walks, introduced in 1993 by Y. Aharonov, L. Davidovich and N. Zagury [73] (see also [74] ).
Let us examine now the physical meaning of an anomalous weak value in our system. The initial state of the field is |ψ i = cos(θ i /2) |0, 0, 1, 0 T + sin(θ i /2) |0, 0, 0, 1 T , while the final state is given by |ψ f = cos(θ f /2) |0, 0, 1, 0 T − sin(θ f /2) |0, 0, 0, 1 T (the cavity is in the vacuum state and therefore we can restrict our analysis to the subspace H ext ). In the initial state there is no relative phase between the states |0, 0, 1, 0 T and |0, 0, 0, 1 T , while in the final state there is a relative phase of π between |0, 0, 1, 0 T and |0, 0, 0, 1 T . In this situation, whatever are the values of θ i and θ f , except for 0 and π (no knowledge about the trajectory), the weak value will exceed the standard expectation value. Mathematically, this will produce Fourier coefficients A and B with different signs. On the contrary, for post-selected photons at D 2 the final state is |ψ
, 0, 0, 1 T , which, like the initial state, has no relative phase between both paths. In this case, the weak value has the same range as the standard expectation value whatever are the values of θ i and θ f (in this case the Fourier coefficients will have the same sign). Consequently, pre-and post-selected ensembles in which the field initially propagates on phase in both arms but returns with a phase difference of π, or vice versa, show an anomalous force, that allows to displace the oscillator as if there were many photons in the no post-selection scenario.
Finally, let us consider a simple example to illustrate more concretely the amplification of the force exerted by a single photon. Pre-and post-selected ensembles in which θ i = 90
• and θ f = 70
• can be constructed with probabilities around 3%. In these ensembles the shift given by a single photon is equivalent to the shift produced by 3 photons (no post-selection scenario), i.e. ∆N w ≈ 3 which is the same as saying that the weak radiation force is 3 G. This is already surprising since without postselection the maximum radiation force achievable is G. Since the weak value of the total number of photons is 1 and because the weak value of a subtraction of operators is just the difference between the weak values, it follows that
Which means that d † 1d 1 w = 2 and d † 2d 2 w = −1, i.e. on average a photon in the left side pushes the mirror with weak force 2 G, to the right, while a photon in the other side pushes with force G, but also to the right. In [75] the weak velocity of a particle can be faster than the speed of light and in [76] the weak kinetic energy may be negative. In a similar way, in this context the weak pressure exerted by a single photon can push the wall inwards.
Summarizing, in this article we have proposed an experiment in which the weak value of the difference of photons between two sides of a cavity can be measured by observing the shift of the average position of a mechanical oscillator. We have shown that this is theoretically possible since the optomechanical interaction couples the difference of photons between both sides of the system with one of the quadratures of the mirror. This coupling occurs when the incident photon has a much longer duration than the cavity storage time, the optomechanical strength is smaller than the mechanical mode frequency and the hopping strength between the cavity and the external field is greater than the normal frequency of the oscillator.
Therefore, when post-selection is perfomed and certain criteria of weakness in the measurement are satisfied, the weak value can be observed. We have thus explained the amplification of the force exerted by a single photon due to the appearance of strange weak values of number operators.
The relaxation of the cavity field due to internal looses and the decoherence of the oscillator are assumed to occur much slowly than the time scales of the problem. Additionally, since this type of interaction is not impulsive, the weak value depends on time. It has been shown that the time of interaction should be close to odd multiples of half the mechanical period in order to entangle the photon to the oscillator. This requires photodetectors with time resolution in the order of 10 −9 -10 −6 seconds which is altogether possible.
Under these conditions, with probabilities in the range of 1% − 7%, ensembles can be constructed in which the shift given to the oscillator is equivalent to the shift produced by 2 to 6 photons when no post-selection is performed. This shift can be even bigger at the cost of decreasing post-selection probabilities. In order to approach the level of zero-point fluctuations, it has been explained that starting the oscillator in the squeezed vacuum would permit to preserve its Gaussian form and only shift it by a quantity proportional to the weak value.
In a future work the damping might be taken into account. This could be done in two manners. One considers the use of master equations, Langevin equations and similar tools to treat open quantum systems. In this case, there is no post-selection and strange weak values might arise as classical variables in the dynamics of coherence terms, in a similar way as it is indicated in [77] . Another possibility is to solve the Schrödinger equation of the system following the methods used in [78, 79, 80] . This treatment would allow us to engineer the photon wave function and to study whether weak value amplification of the radiation pressure may occur for single photons with a wider frequency content. In the monochromatic limit we expect to recover the results predicted in this article. Future research will also concern on novel applications of weak measurements in other types of interactions.
and A * and B * denote complex conjugation. The time evolution operator in this frame is given by the Dyson series, that is, (A.8)
There are three expansion parameters appearing in the terms above, which are κ/g, κ/ω m and ω m /g. We will assume that all satisfy κ/g 1, κ/ω m 1 and ω m /g 1, which can be summarized in the condition κ ω m g. Notice that this condition implies that κ/g κ/ω m and κ/g ω m /g, i.e. the parameter κ/g is the smallest term. We will work at first order in κ/ω m and consequently neglect the terms of order κ/g. This entails thatĀ(t) =B(t) =f (t) =ḡ(t) = 0 and accordingly all the remaining terms of the Dyson series are also negligible. Thus, the evolution operator in this frame, at first order in κ/ω m , is just the identity operator. Since kets in this frame do not change, the evolution given byĤ OM2 can be disregarded from the hamiltonian in the previous picture. Figure B1 . Figure (a) shows the exact case, in which the radiation force is time dependent and the cavity fields are coupled to the position and momentum of the oscillator and to the external fields. In figure (b) the energy flow from and into the cavity occurs at frequency g, as if no mirror was inside the cavity, because the optomechanical strength is much weaker than the hopping strength. The mirror oscillates independently from the fields since the radiation force is a constant of motion. , where θ i ∈ [0, π] is a mixing parameter for horizontal polarization. Notice that the photon reflected in the side 1 of the PDBS gets a phase of π (see figure D1 ). On the other hand, the transmission coefficients for horizontal polarization are t The following description of beam splitters is based on [82] and additional information can be found in [83, 84] 
